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Mediation is a type of analysis used to determine the causal mechanism linking a 
predictor and an outcome through a mediator variable.  Various research has examined the 
inclusion of different variable types for the predictor, mediator, and outcome. However, no 
studies include the presence of a continuous-time Markov chain (CTMC) as any of the 
components in a mediating model.  If researchers wanted to design a study with a CTMC in 
the mediating process, one of the first steps would be to determine the minimum number of 
subjects or observations needed to detect a significant mediating effect. Therefore, in this 
study, we used simulations to determine that minimum sample size to achieve 80% power for 
a longitudinal mediation analysis that includes a two-state CTMC as one of the variables in 
the mediating model.  We examined three mediation models with the following variable 
types: 1) A CTMC outcome with a binary predictor and continuous mediator, 2) a CTMC 
mediator with a binary predictor and continuous outcome, and 3) a CTMC predictor with 
continuous mediator and outcome.  We calculated the power in simulations where we varied 
the sample size and effect sizes used to calculated the overall mediating effect.  We found 
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Mediation analysis has been on the rise in psychological research primarily due to the 
introduction of a mechanism (mediating process) used to explain the process of an 
organism’s response to a stimulus (Hebb, 1958).  The concept of mediation is the premise of 
social psychology theories, such as the Theory of Reason Action and Theory of Planned 
Behavior, which assumes not only can attitudes affect behavior, but also that attitudes affect 
intentions, which in turn can affect behavior; therefore, in this case, intentions serve as a 
mediator between attitudes and behavior (Fishbein & Ajzen, 1975). Researchers in 
prevention and treatment typically target a causally related mediating variable of an outcome, 
instead of targeting the outcome variable directly. For example, in some smoking cessation 
interventions, intention to smoke serves as a mediator between the intervention and reduction 
of tobacco use (Gonzalvez, Morales, Orgiles, Sussman, & Espada, 2018). The diverse use of 
mediation analysis includes studies of alcohol consumption, as well as policy interventions, 
and financial and market performance (Jones-Webb & Karriker-Jaffe, 2013; Keele, Tingley, 
& Yamamoto, 2015; Semrau & Sigmund, 2012; Voola, Casimir, Carlson, & Anushree 
Agnihotri, 2012). All of these studies are searching for a link of causality in their respective 
fields.  
In these types of three-variable systems, the mediator serves as a causal link between 
the predictor and outcome variable.  A mediating variable differs in from a moderating 





information on causality (Baron & Kenny, 1986). The simplest mediation model is the cross-






The total effect of a predictor variable and outcome variable is illustrated in Figure 1a. 
In the mediation model, the predictor variable (X) affects the mediator (M) which in turn 
affects the outcome (Y) (Figure 1b).   The idea is that some variable, M, facilitates the effect 
of X on Y.  In order to justify the presence of a mediating effect, Baron and Kenny suggested 
a causal-steps approach (Baron & Kenny, 1986).  A mediating effect is present if the 
following four stipulations hold: 
Figure 1a. Total Effect of X on Y 
Figure 1b. Simple cross-sectional mediation model, where 





1. The total effect of X on Y must be significant (c) 
2. The effect of X on M must be significant (a) 
3. The effect of M on Y controlled for X must be significant (b) 
4. The direct effect of X on Y adjusted for M must be non-significant (c’) 
 When all variables are normally distributed, the mediation effect or indirect effect is 
the calculated difference between the total effect of X on Y (c) and the direct effect of X on 
Y (c’).  However, the indirect effect is more commonly calculated by multiplying the effect 
of X on M (a) and the effect of M on Y (b), (i.e. c’=ab); this method is known as the product 
of coefficients method. The lone arrows pointing to M and Y represent additional 
explanatory variables that can be included in the model as controls.   
 Mathematically, the total effect of X on Y (c) is calculated through regression 
techniques.  For example, using linear regression and treating all variables as continuous 
random variables, we would use the following equations to estimate the effects a, b and c 
above. The direct effect is modeled by:  
𝑌𝑖  =  𝑖1 +  𝑐𝑋𝑖  + 𝑒1𝑖 
The mediating effect is calculated using the following two equations: 
𝑌𝑖  =  𝑖2  +  𝑐’𝑋𝑖  + 𝑏𝑀𝑖  + 𝑒2𝑖 
𝑀𝑖  =  𝑖3  +  𝑎𝑋𝑖 + 𝑒3𝑖 
This type of cross-sectional analysis serves as a theoretical description of causality not 
occurring over time.  Therefore, methods have been developed that utilize longitudinal data 
in order to detect a mediating effect and strengthen causal inference.  The most common of 





curve model (LGM), and the latent change score (LCS) model (MacKinnon, David, 2012; 





 Panel methods assess causality in a sequential matter. Therefore, a predictor variable 
at time 1 (X1) affects a mediator variable at time 2 (M2) which in turn affects the outcome at 
time 3 (Y3).  The direct effect (X1->Y3) is again labelled as c’ and the indirect effect is the 
product of a (X1-> M2) and b (M2-> Y3). Autoregressive effects are also included in the 
model.  For example, the mediator variable assessed at time 1 for an individual may also 
have an effect on the mediator variable at time 2 and the outcome variable at time 2 may also 
affect the outcome at time 3.  The inclusion of these autoregressive effects aid in identifying 





whether the individual differences in a variable are stable over time (MacKinnon, David P., 
Fairchild, & Fritz, 2007). In order to interpret and generalize the results of the mediating 
(indirect) effects over time in a CLPM, not only is the assessment of stability important, but 
also stationarity (causal structure is stable) and equilibrium (cross-sectional variances and co-
variances are stable). CLPM often require a minimum of three repeated measures for each 
variable (data over three time points) in order to estimate a mediating effect.  There are 
models (half-longitudinal and latent longitudinal models) that assess the mediating effect 
with data having observations from only two time points.  However, having fewer repeated 
measures reduces the ability to assess the degree of stationarity in the half-longitudinal 
design and the degree of stability and equilibrium in the latent longitudinal design.  
Often times in panel modelling for mediation analysis, data are analyzed treating time 
as discrete. However, the time elapsed between observations, commonly referred to as “lag”, 
does play a role in not only the effect sizes but the interpretation and generalizability as well 
(Cole & Maxwell, 2003; Gollob & Reichardt, 1991; Maxwell, Cole, & Mitchell, 2011).  
Assessing the effects at multiple lags and comparing models can strengthen the 
understanding and interpretation of parameter estimates (Selig, Preacher, & Little, 2012).  
Another more novel modelling approach to CLPM are continuous time models (CTM) in 
which the time between repeated measures is treated as continuous instead of discrete 
(Deboeck & Preacher, 2016; MacKinnon et al., 2007).  By assuming continuous time 
interactions in mediation analyses, CTMs eliminate the dependency of lag in resulting effect 





interpretation that more nearly matches the theory of the mediation process, but CTMs can be 
used in studies when the time between observations is not equally spaced. 
Most studies in psychology treat the predictor, mediator, and outcome variables in the 
mediation process as continuous normally distributed variables, but researchers are branching 
out to include other types of variables, such as categorical variables.  Recently, medicinal and 
epidemiological studies are including categorical variables for X, M, and/or Y.  The use and 
development of mediation models with categorical mediators and outcomes has grown more 
abundantly since 2010 (Preacher 2015). The inclusion of categorical variables, specifically 
for M and Y, in mediation analysis utilizes Generalized Linear Models (GLMs) in order to 
calculate direct and indirect effects (Huang, Sivaganesan, Succop, & Goodman, 2004).  
Logistic or probit regression techniques are used for binary mediators and outcomes.  In 
these models, studies show that interpreting the indirect and direct effect in terms of the odds 
ratio is beneficial as well(Buis, 2010; Vanderweele, T. J. & Vansteelandt, 2010).  Although 
little effort has been placed towards investigating the use of mediation models with count 
data, Poisson regression techniques can be used when M or Y is a count variable (Coxe & 
MacKinnon, 2010; Imai, Keele, & Tingley, 2010a; Valeri & VanderWeele, 2013). 
 As previously mentioned, the mediating effect is often calculated as the product of the 
effect of X on M and the effect of M on Y. The three most common methods to test for the 
significance of a mediation effect in longitudinal studies are the joint significance test, 
normal approximation method, and test of b.  In the joint significance test we are jointly 
testing whether the estimates of a and b are different from zero and assume significance if 





asymptotically normal and not concerned with the actual distribution of the mediation effect 
estimates, the product of a and b, which could have a complex distribution. In the normal 
approximation method, or Sobel’s test, we assume that the distribution of the product 
estimate of ab is asymptotically normal with mean ab and a variance derived using the 
multivariate delta method. With this variance, we can derive a confidence interval or conduct 
a significance test for the mediating effect. The last test commonly used is the test of b. In 
this method, researchers may be sure of an effect of X on M and can assume that a is 
different from zero. Therefore, we only need to test the significance of parameter estimate b 
from zero.  However, in most cases, the distribution of the product estimate is not easily 
calculable and therefore a significance test or confidence intervals are more difficult to 
create.  Bootstrapping techniques are commonly used in practice to find confidence intervals 
when analyzing data having estimates with unknown distributions (Tibshirani & Efron, 
1993).  Although this method is more applicable retrospectively in studies after data 
collection and not practical in the design stage, due to the complexity of the distribution of 
the product of two random variables, researchers may choose bootstrapping over any of the 
other methods previously mentioned.   
Sample Size calculations 
 Researchers may be interested in designing an experiment that can investigate and 
test the presence and/or significance of a mediating effect.  In this situation, it is important to 
determine the minimum sample size required to detect a mediation effect with a specified 
power.  Several studies have demonstrated different ways to calculate the sample and power 





2007; Pan, Liu, Miao, & Yuan, 2018; Vittinghoff, E., Sen, & McCulloch, 2009; Vittinghoff, 
Eric & Neilands, 2015; Wang & Xue, 2016).  In some studies, researchers developed a 
closed form formula for calculating sample size and power, but in a majority of sample size 
papers, researchers use bootstrapping to determine the optimal sample size (Matthew S. Fritz 
& David P. MacKinnon, 2007). Not only do these studies review different methods for 
calculating the mediating effect, but some also consider different types of regression such as 
logistic, Poisson, and Cox models (Vittinghoff et al., 2009).  The sample size needed to 
detect an indirect effect for mediation models with continuous and binary predictors and 
mediators as well as binary, count, and survival outcomes has also been studied (Vittinghoff 
& Neilands, 2015). However, little research use a mediation pathway that treats any of the 
variables as a Markov Chain. 
Markov Chains 
 Stochastic modelling and the use of Markov chains in various studies has been 
growing, particularly in the field of economics and epidemiology. For example, in clinical 
studies Markov Chains can help analyze time-to-event or survival data (Abner, Charnigo, & 
Kryscio, 2013). The understanding and prediction of stage of progression of a disease, such 
as liver disease, advances with the utilization of Markov chain design studies (Tada et al., 
2018). Economic evaluation of health care programs can involve analysis with Markov 
chains as well (Larsen & Turkensteen, 2014; Sato & Zouain, 2010). Health promotion 
interventions can utilize a Markov chain model, for example, when analyzing the changes of 
stage in a trans-theoretical model (Ma, Chan, Tsai, Xiong, & Tilley, 2015; Ma, Chan, & 





chains in mediation analysis has not been widely studied. Aalen et al. used a stochastic 
modelling approach in mediation analysis (Aalen, Gran, Røysland, Stensrud, & Strohmaier, 
2018). However, Aalen et al. treats the entire mediation process as a Markov chain as 
opposed to examining the mediating effect of a variable on the transition rates of a Markov 
outcome or whether the transition rates of a Markov chain serve as a mediator between two 
variables. 
Public Health Significance  
 Mediation analysis uses statistics to determine the causal mechanism between two 
variables (Baron & Kenny, 1986; Matthew S. Fritz & David P. MacKinnon, 2007).  Public 
health researchers can use mediation analysis to provide insight into the causal pathway of an 
intervention on its desired outcome by determining mediators and comparing the natural 
indirect and direct effects.  With the use of mediation analysis, researchers can identify the 
true effect of an intervention on the outcome of interest, by determining whether the 
intervention directly targets the outcome or if a variable exists which serves as a link or 
mediator between the predictor and outcome. For example, Nguyen et al examined mediators 
of an alcohol intervention such as adolescent self-control, adolescent-reported parental rules 
about alcohol, parent-reported rules, adolescent attitudes about alcohol and parent attitudes 
about adolescent drinking (Nguyen, Webb-Vargas, Koning, & Stuart, 2016) . In this study, 
researchers were interested in determining how the intervention may affect a subject’s 
drinking status at follow-up and whether the intervention effect is mediated by other 
variables. Thus by using mediation analysis we can make causal inferences on how an 





may be situations where an intervention may not directly affect the desired outcome fully. In 
this instance, we would be interested in determining how the intervention works and using 
those results to further and possibly improve the intervention in order to produce our desired 
outcome.  
 In addition to mediation analysis, the utilization of Continuous-time Markov chains is 
on the rise. Treating certain variables as Markov-chains can give us insight and information 
into the dynamic changes of the process as opposed examining whether or not a subject 
changed states. For example, suppose we are interested in an alcohol intervention for 
adolescents such as the study above, where the outcome of interest is whether a subject is a 
heavily weekly drinker or not. We could use logistic regression and examine the effect of the 
intervention and additional variables on the probability that a subject heavily drinks. 
However, if we treat the outcome as a Markov chain, we can further examine the effect of 
those factors on the transition rate, transition probability, and sojourn time in a specific state. 
For instance, we could determine the probability of a subject transitioning from a heavy 
weekly drinker to not a heavy drinker and the average time a subject remains in a heavy 
drinking state before transitioning. 
  Finally, as an initial step in any experimental design, we want to determine the 
sample size required in order to achieve a specified power for our statistical tests. By 
determining our desired sample size and power, we can then begin recruiting the required 
sample of that size.  Unfortunately, most studies do not have an unlimited budget or resource 
supply, therefore thus having an idea of the number of subjects required can improve the 





longitudinal study where we are following subjects prospectively over a time-period, we 
would want to follow the minimum number of people required to detect a difference or 
effect.   
 In this study, we will examine various situations using mediation analysis with 
continuous time Markov chain variables and determine a desired sample size required for a 
specific power.  By combining the use of mediation analysis and Markov chains, we can gain 
even further insight into the casual mechanisms of an intervention or a predictor on some 
outcome and use this knowledge to further public health research. Determining a required 
sample size prior to an experiment or observational study can minimize the waste of 
resources by saving both time and money. 
 
Specific Aims  
The following are the specific aims of this project:  
 
1. Determine the sample size needed to find a mediating effect in a longitudinal 
mediation analysis with an outcome variable that is a continuous time Markov chain, 
a continuous mediator and binary predictor. 
2. Determine the sample size needed to find a mediating effect in a longitudinal 
mediation analysis with a mediator variable that is a continuous time Markov chain 
and a binary predictor and outcome. 
3. Determine the sample size needed to find a mediating effect in a longitudinal 
mediation analysis with a predictor that is a continuous-time Markov chain, a 





Journal Article 1 
Title: Sample Size Analysis For Longitudinal Mediation Analysis With A Two-State 
Continuous-Time Markov Chain Outcome 
To be submitted to Journal of Simulation 
 
Introduction 
Mediation analysis is the latest topic of interest in causal research, especially in 
treatment and prevention (Imai, Keele, & Tingley, 2010; Preacher, 2015; VanderWeele, 
2016). Researchers in this area could find that an intervention does not directly affect the 
desired outcome, but instead discover a causal variable serving as a mediator between the 
intervention and outcome variable. Mediation analysis examines those indirect effects of a 
predictor variable on an outcome variable through a mediator variable as well as the direct 
effect of a predictor on the outcome. For example, in some smoking cessation interventions, 
the intervention did not directly target the reduction of tobacco use, but instead targeted 
mediating the individual’s intention to smoke to reduce tobacco use (Gonzalvez, Morales, 
Orgiles, Sussman, & Espada, 2018). Not only is mediation analysis used to aid in identifying 
an intervention’s target, but it is also useful to help explain the mechanism and connections 
between two variables. For example, other smoking cessation studies found that the link 
between smoking cessation and social disadvantage is mediated through momentary smoking 
context and daily stress (Jahnel, Ferguson, Shiffman, Thrul, & Schüz, 2018; Jahnel, 





In addition to the growth of mediation analysis, the use of Markov chain models, 
particularly in smoking cessation studies, is growing (Killeen, 2011; Minard, Chan, Wetter, 
& Etzel, 2012).  Researchers in smoking cessation studies not only use Markov chain models 
to examine transitions between abstinence, relapse and other states as a mechanism for 
understanding and intervention, but also as an aid in cost-benefit analysis (Baker et al., 
2018). However, there is little research of using Markov Chain regression in mediation 
analysis.   
Studies have looked at the mediating effect of several variables on an intervention 
and smoking cessation (Bandiera, Atem, Ma, Businelle, & Kendzor, 2016a; Hajek et al., 
2018; Hoeppner, Hoeppner, & Abroms, 2017; Li et al., 2015). Suppose we wish to design an 
experiment that examines the mediating effect of these variables on the transition rate 
between smoking and abstinence, instead of the outcome of smoking cessation or tobacco 
intake.  This information could give researchers a greater insight into the mechanisms 
involved in smoking cessation.  The first step in designing such an experiment is to 
determine the minimum required sample size to achieve at least 80% or possibly 90% power.  
Sample size calculations for studies involving mediation analysis are limited to the inclusion 
of only specific types of variables, not including Markov Chain.  In some studies, a closed 
form solution to calculate sample size is available, but many studies use a bootstrapping 
technique in order to calculate power and minimum sample size (Matthew S. Fritz & David 
P. MacKinnon, 2007; Pan, Liu, Miao, & Yuan, 2018; Schoemann, Boulton, & Short, 2017; 
Vittinghoff, E., Sen, & McCulloch, 2009; Vittinghoff, Eric & Neilands, 2015; Wang & Xue, 





researchers create a confidence interval based on bootstrapped simulations and check for the 
inclusion of zero. Therefore, in our study, we used similar techniques to determine the 
minimum required sample size for a mediation analysis involving a two-state continuous 
time Markov chain outcome with a binary predictor and non-time varying continuous 
mediator variable.  
 
Methods 
 In a longitudinal mediation analysis, we treated the outcome variable, Y, as a two-
state continuous time Markov Chain.  The explanatory variable, X, we treated as a binary 
variable and the mediator variable, M, we treated as a non-time varying continuous random 
variable. Therefore, we will use a continuous-time Markov chain regression model of Y as 
part of our mediation model. 
Continuous-time Markov Chain regression model 
 Let {Y(t): 0≤t≤∞} be a stochastic process describing the state of a process at time t. 
The random variable Y(t) is defined as a finite state continuous-time Markov chain if for all 
t≥0, s≥0, and i,j ∈S, where S represents a discrete state space,  
Pr (𝑌(𝑡 + 𝑠) = 𝑗| 𝑌(𝑠) = 𝑖, 𝑌(𝑢) = 𝑦(𝑢), 0 ≤ 𝑢 ≤ 𝑠)  
=  Pr (𝑌(𝑡 + 𝑠) = 𝑗|𝑌(𝑠) = 𝑖) =  𝑝𝑖𝑗(𝑡)     𝑖, 𝑗 = 1, … 𝑘 
where pij(t) represents the transition probability for the period t≥0.  This process obeys both 
the Markov property that given the present state, the future distribution is independent of the 
past and stationarity property for time-homogenous models such that the transition 





This process is completely defined by its transition rates. The transition rates can be 
arranged into a k x k transition matrix Q(t) known as the infinitesimal matrix or transition 
rate matrix where 
𝑞𝑖𝑗(𝑡) = lim
∆𝑡→0
𝑝𝑖𝑗(𝑡, 𝑡 + ∆𝑡)
∆𝑡
     𝑖 ≠ 𝑗 
𝑞𝑖𝑖 = − ∑ 𝑞𝑖𝑗(𝑡)      𝑖 = 1, … 𝑘
𝑗≠𝑖
 





Researchers are often interested in the evaluation and interpretation of hazard rates and any 
covariate effects on these rates. Treating qij as a hazard rate, we can incorporate covariates in 
the model and evaluate their effect through the use of a regression-type modelling by taking 
the log transformation of the hazard rates as defined by the following equation (Ma et. al ) 
log(𝑞𝑖𝑗) = 𝛼𝑖𝑗 + 𝒛𝜷𝒊𝒋
𝑇  
where 𝒛 = (𝑧1, 𝑧2, … 𝑧ℎ) represents the covariate vector for h number of covariates, 𝜷𝑖𝑗
𝑇 =
(𝛽𝑖𝑗 
1 , 𝛽𝑖𝑗 
2 , … , 𝛽𝑖𝑗 
ℎ )𝑇  represents the regression coefficients associated with the corresponding  
covariate vector z, and 𝛼𝑖𝑗 represents the intercept of the log-transformed hazard rate for the 
transition from state i to state j.   
 





The mediating effect was determined through a series of equations. Let 𝑌(𝑡) be a two-state 





where 𝜆  represents the transition rate from state 1 to state 2, and 𝜇  represents the transition 
rate from state 2 to state 1.  
Let 𝑋 and 𝑀 denote the independent and mediating variable respectfully for the ith 
subject, 𝑖 = 1,2. . . 𝑛, where both 𝑋 and 𝑀 are time-invariant random variables.  
The total effect of X on the hazard rates of Y(t) can be modelled as follows: 
log (𝜆) = 𝛾𝜆  +  𝑐𝑋 
log (𝜇) = 𝛾𝜇  +  𝑐𝑋 
where 𝛾𝜆 and  𝛾𝜇are the random intercepts that differ between the hazard rate, and 𝑐 is the 
fixed effect of X on the hazard rates of Y. We treated the direct effect as the same between 
the two transitions, but differed the intercepts.  
We can model the effect of X on M as follows: 
𝑀 = 𝛽0 +  𝑎𝑋 +  𝜀 
where 𝛽0 represents the overall average intercept term for all subjects and 𝑎 represents the 
effect of the independent variable, X, on the mediator, M.  
We can model the effect of X and M on the hazard rates by the following equations 
log (𝜆) = 𝛾𝜆
∗ + 𝑐𝜆 
′ 𝑋 +  𝑏𝑀  
log (𝜇) = 𝛾𝜇
∗ +  𝑐𝜇 





where 𝑐’ is the direct effect of the predictor, X, on the hazard rates and b is the effect of the 
mediator, M, on the hazard rates when controlling for X.  
Combining the above equations we get: 
log(𝜆) = 𝛾𝜆
∗ +  𝑐′𝑋 +  𝑏(𝛽0𝑖 +  𝑎𝑋 +  𝜀) = 𝛼𝜆
∗ + 𝑐′𝑋 +  𝑎𝑏𝑋 
log(𝜇) = 𝛾𝜇
∗ +  𝑐′𝑋 +  𝑏(𝛽0𝑖 +  𝑎𝑋 +  𝜀) = 𝛼𝜇
∗ + 𝑐′𝑋 +  𝑎𝑏𝑋 
where 𝛼𝜆
∗ and 𝛼𝜇
∗  are the combined intercept term and 𝑐’ is the direct effect of X on the log of 
the transition rates of Y(t).  Using the product of coefficients method, the mediating effect on 
the log of the transition rates, or the hazard rate can be expressed as 𝑎𝑏.  
The equations of the variable effect on the transition rate can be expressed as 
𝜆 = 𝑒𝛼𝜆
∗ +𝑐′𝑋+ 𝑎𝑏𝑋 
𝜇 = 𝑒𝛼𝜇
∗ +𝑐′𝑋+ 𝑎𝑏𝑋 
Therefore, the mediating effect on the transition rates of Y(t) can be expressed as 𝑒𝑎𝑏 . 
Simulation 
 For this study, we simulated data sets with varying number of subjects in order to 
determine ideal sample size required to detect a mediating effect with 80% power. In this 
case, we treated X as a binary variable, representing treatment or control, and M as a non-
time varying continuous variable.  
 We first simulated the independent variable, X, as a Bernoulli variable with a 
probability of 0.5. We simulated the mediating variable for each observation using the 
mediation equation, 𝑀 = 𝛽0 +  𝑎𝑋 +  𝜀 . The error terms, 𝑒𝑖, 𝑖 = 1,2, . ., were normally 





Using the simulated X and M, we defined the transition rates for a Q matrix. We set 
the direct effect of X on the hazard rates (c’) to be 0.001. We simulated a Markov chain with 
10 transition time points and defined initial states with half starting in state 1 and half in state 
2. We varied mediation effect sizes for each parameter estimate (?̂? and ?̂?) these estimates 
ranged from medium (0.26) and halfway medium-large (0.39).  
 Once all variables were simulated, for a specified sample size we created 500 data 
sets of the same sample size. The sample sizes varied from 50, 100,150, 200, 250, 300, 350, 
400, 500 and 600.  We calculated the power by determining the percentage of data sets out of 
the 500 that detect a significant mediating effect. To determine significance, we used 300 
bootstrapped samples to calculate a 95% confidence interval around the mediating effect. If 
the confidence interval excluded zero, then the mediating effect was significant.  
 
Results 
Table 1.1 reports the power calculations from 500 simulations of samples with size 
50, 100,150, 200, 250, 300, 350, 400, 500 and 600.  The effect a, represents the effect of the 
predictor variable, X, on the mediator, M.  The effect b, represents the effect of the mediator, 
M, on the outcome, Y, when controlling for the predictor, X.  The total mediating effect 
(TME) on the hazard rates is the product of the two effects (i.e. TME=a*b). When a is set to 
0.26, the minimum required sample size to achieve 80% power is 500, for both effect sizes of 
b.  When a is set to 0.39, the minimum required sample size to achieve 80% power is 250 for 







Mediation Effect Size 
a=0.26, b=0.26 a=0.26, b=0.39 a=0.39, b=0.26 a=0.39, b=0.39 
50 0.174 0.188 0.294 0.318 
100 0.276 0.274 0.518 0.550 
150 0.364 0.394 0.670 0.696 
200 0.470 0.472 0.786  0.798 
250 0.552 0.578 0.876 0.838 
300 0.620 0.598 0.906 0.910 
350 0.680 0.664 0.968 0.964 
400 0.756 0.742 0.964  0.976 
500 0.842 0.826 0.994 0.986 
600 0.900 0.896 0.999 0.992 
Table 1.1. Power calculations from mediation analysis with CTMC outcome. The effect sizes 
of 0.26 and 0.39 were varied for effect a and b from mediation regression models. 
 
Discussion  
Although this study has its limitations, it can serve as a preliminary step into the 
designation of mediation analysis studies involving CTMC outcomes.  In this study, we 
examined a few varying effect sizes.  We did notice that the size of the effect of the predictor, 
X, on the mediator, M, or the effect a, seemed to have more of an influence on the sample 
size required to reach 80% power.  When effect a was equal to 0.26, the required sample size 
was around 500 regardless of the effect size b, or the effect of M on the outcome hazard rate 
when controlling for X.  When we increased the effect size of a to 0.39, the required sample 





size of b. Future studies could examine this effect and run simulations with varying effect 
sizes and differences as well as direction.  
Compared to other longitudinal studies with similar effect sizes (Pan et al., 2018), our 
calculated sample size was larger.   However, in those studies, the number of observations 
varied from one to five and they only included continuous variables. Due to the complexity 
of the model, the larger sample size makes sense.  In this study, when simulating the Markov 
Chain, we set the number of transition points to ten.   Due to convergence issues with 
Markov Chain regression, we required a larger number of time points than other longitudinal 
studies (Pan et al., 2018).  Future studies could vary the transition number and length and 
examine its effect on power and desired sample size.   
In many longitudinal studies, there are only a few follow-ups due to various reasons, 
such as cost or patient retention.  In a study with only a few transition points, it would be 
difficult to draw conclusions about the transition rates.   However, with technological 
advances, there are now studies that allow for the acquisition of more data.  For example, in 
some smoking cessation research, a wide range of data is collected through the use of 
Ecological Momentary Assessment (EMA) (Bandiera, Atem, Ma, Businelle, & Kendzor, 
2016b; Jahnel et al., 2018).  Therefore, we could design an experiment to examine the 
mediating effect on transition rates between smoking and abstinence, daily or weekly, by 
using EMA data.  In this study, we simulated the mediator variable as a non-time varying 
continuous random variable. Suppose we are interested in the mediating effect of post-quit 
stress between some category or intervention and smoking cessation transitions.  With the 





average stress at a specified time points.  In future research, we could examine the required 
sample size needed to examine a time-varying variable, such as daily stress over a certain 
time-period.  We also hope to examine the sample size and power with the inclusion of 
different covariates, as well as larger state CTMC models.  
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Introduction 
Mediation analysis is a method that researchers can use to determine the causal 
pathway between a predictor, X, and outcome, Y (Imai, Keele, & Tingley, 2010; Judd & 
Kenny, 1981; MacKinnon, David, 2012; Preacher, 2015; VanderWeele, Tyler J., 2016).  
There may exist an indirect effect of a predictor on an outcome through a mediator, M, that 
explains the overall predictor-outcome relationship either fully or partially (X->M->Y); and 
if we control for that mediating effect, the direct effect between a predictor and outcome 
either ceases to exist or reduces substantially (Baron & Kenny, 1986). In this type of 
analysis, we are interested in determining or understanding the causal mechanism that links a 
predictor and an outcome. Researchers use regression techniques to determine this overall 
mediating effect or indirect effect.  Current research has examined mediation with different 
types of variables and regression, such as linear, logistic, or Poisson regression for both 
cross-sectional and longitudinal data (MacKinnon, David P. & Fairchild, 2009; Preacher, 
2015; Vanderweele, T. J. & Vansteelandt, 2010; VanderWeele, Tyler J. & Tchetgen 
Tchetgen, 2017).  However, no research has examined mediation with a continuous-time 
Markov chain variable.  With the rise of longitudinal data, some researchers use Markov-





behaviors, or in smoking cessation studies (Baker et al., 2018; Jahnel, Ferguson, Shiffman, 
Thrul, & Schüz, 2018; Killeen, 2011; Ma, Chan, Tsai, Xiong, & Tilley, 2015; Ma, Chan, & 
Tilley, 2018; Mhoon, Chan, Del Junco, & Vernon, 2010; Tada et al., 2018). Suppose we are 
interested in developing and studying a weight-maintenance intervention program among 
smokers.  Studies have shown that there is a link between smoking and weight loss (Murphy, 
Rohsenow, Johnson, & Wing, 2018; Seeley & Sandoval, 2011) .  We may be interested in 
designing a study to examine the causal mechanism between our intervention, smoking 
cessation, and weight.  Treating smoking cessation as a two-state continuous time Markov 
chain, we can examine the mediating effect of the transition rates between smoking and 
abstinence on the pathway between the intervention and weight.  One of the first steps in 
study design is determining the minimum sample size required to achieve a desired power to 
detect a statistically significant effect.  Researchers have examined sample size requirements 
for mediation analysis for different types of studies (Matthew S. Fritz & David P. 
MacKinnon, 2007; Pan, Liu, Miao, & Yuan, 2018; Schoemann, Boulton, & Short, 2017; 
Vittinghoff, E., Sen, & McCulloch, 2009; Vittinghoff, Eric & Neilands, 2015; Wang & Xue, 
2016). In some of these studies, researchers developed a closed form formula for the 
calculation of sample size and power; however, in most studies, they use simulations to 
determine sample size requirements.  In addition to power calculations with simulations, 
researchers use bootstrapping techniques in order to determine the distribution and 
significance of the mediating effect (MacKinnon, David P., Fairchild, & Fritz, 2007; 
Matthew S. Fritz & David P. MacKinnon, 2007). Therefore, in this study, we used 





power for a longitudinal mediation analysis with a two-state continuous-time Markov chain 
mediator variable.  We treated the predictor as a binary random variable, mimicking 
intervention groups, and treated the outcome as a non-time varying continuous random 
variable, mimicking a measurement, such as weight, that would be taken at the end of an 
intervention time-period.  
 
Methods 
 In a longitudinal mediation analysis we treated the mediator variable, M, as a two-
state continuous time Markov Chain.  The explanatory variable, X, was a binary random 
variable and the outcome, Y, was a non-time-varying continuous random variable.   
The total effect of X on Y can be modelled as  
Y = 𝛼 +  𝑐𝑋  
where 𝛼 represents the intercept term, and c represents the total effect of X on the outcome 
Y. 
The random variable M(t) is a two-state continuous time Markov chain with the following 





where 𝜆  is the transition rate from state 1 to state 2, and 𝜇  is the transition rate from state 2 
to state 1.  Using regression-type modelling by taking the log transformation of the transition 






log (𝜆) = 𝛾𝜆
∗ +  𝑎𝑋 
log (𝜇) = 𝛾𝜇
∗ +  𝑎𝑋 
where 𝑎 is the fixed effect of X on both the hazard rates of M(t) and 𝛾𝜆
∗ and 𝛾𝜇
∗ are the 
intercept terms (Ma et al., 2018) .  




∗ + 𝑎𝑋 
The total effect of X and the transition rates of M(t) on the continuous outcome variable, Y, 
is modelled by the following linear equation: 
 
Y = 𝛼∗ + 𝑐′𝑋 +  𝑏1𝜆 + 𝑏2𝜇 + 𝜀 
= 𝛼∗ +  𝑐′𝑋 +  𝑏1𝑒
𝛾𝜆
∗+ 𝑎𝑋 + 𝑏2𝑒
𝛾𝜇
∗ + 𝑎𝑋 +  𝜀 
=  𝛼∗ + 𝑐′𝑋 + 𝑏1𝑒
𝛾𝜆
∗
𝑒  𝑎𝑋 + 𝑏2𝑒
𝛾𝜇
∗
𝑒  𝑎𝑋 + 𝜀 
where 𝑐′ is the direct effect of X on the outcome, Y, when controlling for M(t);  𝑏1 ,𝑏2  are 
the overall effects of the transition rates from M(t) on the outcome, Y; 𝜀 is the error term for 
each individual.  
 To interpret and determine the mediating effect, we used a first order Taylor 
polynomial as a linear approximation for 𝑒  𝑎𝑋, thus resulting in the following equation 
Y = 𝛼∗ + 𝑐′𝑋 + 𝑏1𝑒
𝛾𝜆
∗
(1 + 𝑎𝑋) + 𝑏2𝑒
𝛾𝜇
∗
(1 + 𝑎𝑋) 
= 𝛽0

















, c’ is the direct 






) is the total mediating effect Y.  
 
Simulation  
 We first simulated X as a binary variable with a success probability of 0.5. We then 
simulated the Markov chain variable, M(t) by defining the transition matrix using the 
transition rate equations above by setting different intercept terms between the two transition 
rates (𝛾𝜆
∗ = −0.2 and 𝛾𝜇
∗=-0.8) and differing the effect size, a, for each simulation.  We then 
simulated a two-state Markov chain with 20 transition time points. Using continuous-time 
Markov chain regression, we calculated individual transition rates from the simulated 
Markov chain for both λ and μ.  We simulated the outcome variable, Y, using the linear 
regression equation including X, 𝜆 and ?⃗?.  The direct effect of X controlling for M(t) was set 
to 0.0001 and the error terms, 𝜀𝑖, 𝑖 = 1,2, . ., were normally distributed with mean of 0 and 
variance of 1. We varied the effect size of the mediating effect by changing the parameter 
value for a, b1, b2.  The effect size for a (the effect of X on M(t)) was varied between 0.26 
and 0.39.  The effect sizes for b1 (the effect of the transition rate λ on the outcome Y when 
controlling for X) and b2 (the effect of the transition rate μ on the outcome Y when 
controlling for X) were varied by 0.15 and 0.26.  
 We simulated 500 data sets with assigned parameters, sample size, and calculated the 
power.  To determine the significance of the mediating effect, we constructed a confidence 





zero, then we concluded a non-significant mediating effect. We calculated the power after 
running the mediation model by counting the number of data sets that resulted in a significant 
mediation effect.  We started the sample sizes at 50 and increased by 50 or 25 until we 
reached 80% power.   
 
Results 
Table 2.1 records the power calculations when the effect of X on M(t) was set to 0.26 
with varying effect sizes for the effect of the transition rates from M(t) on the continuous 
outcome, Y, when controlling for binary X.  For each of these simulations, the sample size 
that achieved at least 80% power was 250.  
Table 2.2 reports the power calculations when the effect of X on M(t) was set to 0.39.  
For these simulations, a sample size of 125 achieved 80% power.  We found that when 
increasing by 50 like in Table 1, that a sample size of 150 achieved beyond the desired 80% 
and reached 90%.  Therefore, we increased by 25 to determine a smaller sample size that still 

















50 0.278  0.276 0.268 0.236 
100 0.476 0.476 0.444 0.478  
150 0.628 0.628 0.634 0.590 
200 0.766 0.766 0.758  0.778 
250 0.824  0.814 0.818 0.818 
300 0.904 0.884 0.890 0.904 
Table 2.1.  Power calculations for the mediating effect when the effect size of X on M(t) was 
set to 0.26 for various sample sizes and transition effect size 
 











50 0.520 0.456 0.446 0.420 
100 0.780 0.738 0.740 0.780 
125 0.842 0.842 0.830 0.836 
150 0.924 0.914 0.904 0.890 
Table 2.2. Power calculations for the mediating effect when the effect size of X on M(t) was set 
to 0.39 for various sample sizes and transition effect size 
 
Discussion 
This study can serve as a preliminary resource in designing a study to investigate the 
mediating effect of a two-state continuous-time Markov chain mediator variable, M(t), 
between a binary predictor, X, and continuous outcome variable, Y.   When the effect of the 





to achieve 80% power was 250 regardless of the effect sizes of the transition rates on the 
outcome adjusted for the predictor (𝑏1, 𝑏2). In the same way, when the predictor effect on the 
mediator transition rates (a) was set to 0.39, the sample size required to achieve 80% power 
was 125 for all other varying effect sizes, 𝑏1, 𝑏2 .  This result could be because of the 
additional multiplicative factors on the effects of the transition rates on the outcome 









∗ were set to negative values, this would decrease the 
overall effect size of the combined effect of both transition rates.  Therefore, such a small 
change in those effect sizes would not have as great of an impact in the overall mediating 
effect product.  Future studies could examine more variations in effect sizes, not just for 
effects 𝑎, 𝑏1, 𝑏2, but also vary the intercept terms 𝛾𝜆
∗ and 𝛾𝜇
∗.   
One issue we encountered during simulation was the non-convergence of some 
continuous-time Markov-chain regressions.  We based the intercept terms on values that 
reduced the percentage of convergence issues.  Another element of the simulations we 
controlled for was the number of transition time points.  We set the number of time points to 
20 because that reduced the percentage of convergence issues. Future studies could examine 
the convergence issues in further detail and vary the number of time point transitions.  
Another limitation is the exclusion of additional covariates.  In other longitudinal mediation 
analyses and Markov chain analyses, researchers include covariates that are pertinent to the 
study at hand (Abner, Charnigo, & Kryscio, 2013; Cole & Maxwell, 2003; Selig, Preacher, & 





also examine the sample size requirement for different variable types of predictors and 
outcomes and possibly include a time-varying outcome instead of only a non-time varying 
continuous outcome.  
 Although this study has its limitations, it can serve as an initial step in designing an 
experiment that expands on current mediation analysis research.  We can also use these 
results to determine retrospectively if a completed study has enough observations to detect a 
potential mediating effect.  We can use statistics to support or reject a conceptually potential 
mediation model that involves the inclusion of a Markov-chain mediator model.  For 
example, we may have an intervention that targets weight loss or gain in smokers.  We know 
that smoking affects weight change (Kim et al., 2012; Murphy et al., 2018; Seeley & 
Sandoval, 2011).  If we also know that this intervention has an effect on smoking cessation, 
we can use this type of model to determine the presence or absence of a mediating effect.  
Researchers could collect data on whether a person had smoked or abstained at a specific 
time points using Ecological Momentary Assessment or other methods and treat these results 
as a two-state Markov chain (Bandiera, Atem, Ma, Businelle, & Kendzor, 2016; Jahnel et al., 
2018).   
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Introduction 
Mediation Analysis has increased in popularity in the field of causal inference. In this 
type of analysis, the idea is that there is a known predictor (X) that affects some outcome (Y)  
but the effect of this predictor is “mediated”, either fully or partially, through the effect of a 
different variable (M) (Imai, Keele, & Tingley, 2010b; VanderWeele, Tyler J., 2016; Xinshu 
Zhao, John G. Lynch, & Qimei Chen, 2010).  The diverse use of mediation analysis includes 
studies of alcohol consumption, policy interventions, financial and market performance, and 
smoking interventions (Gonzalvez et al., 2018; Jones-Webb & Karriker-Jaffe, 2013; Keele et 
al., 2015; Semrau & Sigmund, 2012; Voola et al., 2012).  A mediation model is a causal 
model in which researches use statistics to assess a mediating effect. In this causal model 
researchers know that X causes Y, but in order to find the indirect, or mediating effect, they 
must also determine that X causes M and M causes Y. In a partial mediating model, the 
direct effect of X on Y when controlling for M is significantly reduced whereas in a fully 
mediated model, the direct effect is reduced to zero. A series of regression techniques is used 
to determine the possible existence and significance of the mediating effect (Baron & Kenny, 
1986).  Current research includes the use of linear, logistic, probit, and Poisson regression 





categorical, and count type variables for both cross-sectional and longitudinal studies, but 
none include the presence of a Continuous-time Markov Chain predictor.     
Suppose we are interested in designing a study to determine the presence of a 
mediating effect of caffeine on smoking transition’s effect on obesity, since studies have 
shown connections between smoking, caffeine consumption, and factors relating to obesity 
(Bjørngaard et al., 2017; Kim et al., 2012; Nurwanti & Bai, 2018).  Specifically, we are 
interested in how caffeine consumption mediates the effect of a subject transitioning between 
smoking and abstinence on weight. We could collect data over a series of time points and 
treat the smoking variable as a two-state continuous time Markov chain, in which one state 
represents smoking and the other state is abstinence.  One of the first steps in designing this 
type of experiment would be to determine the minimum sample size required to achieve our 
desired power.  When it comes to sample size calculations in mediation analysis, there are 
not many closed form formulas, so the use of bootstrapping is often used (Matthew S. Fritz & 
David P. MacKinnon, 2007).  There are several papers that have done these types of sample 
size calculations for various types of variables and effect sizes, but as previously mentioned, 
there are no studies involving Markov chains (Matthew S. Fritz & David P. MacKinnon, 
2007; Pan et al., 2018; Schoemann, Boulton, & Short, 2017; Vittinghoff et al., 2009; 
Vittinghoff & Neilands, 2015; Wang & Xue, 2016). The purpose of this study is to provide 
sample size information to achieve 80% power that can serve as a starting point for the 
design of a study that includes a two-state Continuous-time Markov Chain as the predictor 






 In a longitudinal mediation analysis we treated the predictor variable, X(t), as a two-
state continuous time Markov Chain and both the outcome variable, Y, and the mediator 
variable, M, as continuous random variables.  We considered both M and Y as non-time 
varying variables representing measurements taken once at a follow-up time.  In this case, the 
idea is that we have already calculated the transition rates for the predictor variable from 
previous data collected over a specific number of time points.  





where 𝜆 is the transition rate from state 1 to state 2 and 𝜇 is the transition rate from state 2 to 
state 1.  
The overall total effect of the transition rates on the outcome Y is  
𝑌 =  𝛽01 + 𝑐1𝜆 + 𝑐2𝜇 
Treating M as a continuous variable, the effect of the transition rates on the mediator is 
modelled as follows: 
𝑀 = 𝛽02 +  𝑎1𝜆 +  𝑎2𝜇 
The effect of the transition rates controlling for M is: 
𝑌 =  𝛽03 + 𝑐′𝜆 + 𝑐′𝜇 + 𝑏𝑀 
Combining the two equations we get 
𝑌 = 𝛽03 + 𝑐′𝜆 + 𝑐′𝜇 +  𝑏(𝛽02 +  𝑎1𝜆 +  𝑎2𝜇) 
=  𝛽03






∗  represents the combined intercept value, 𝑐′ represents the direct effect of the 
transition rates of X(t) on Y and 𝑎1𝑏 and 𝑎2𝑏 are the mediating effects of the two transition 
rates on Y. The total mediating effect on Y can be expressed as: 𝑏(𝑎1 + 𝑎2). To determine 
the significance of the mediating effect, we used bootstrapping of sample size 300 to 
construct a 95% confidence interval around the mediating effect estimate.  If the confidence 
interval contained the value of zero, then the mediating effect was non-significant.  We 
simulated 500 data sets with a specified sample size and determined the power by calculating 
the percentage of significant tests out of the 500 simulated data sets.  
Simulation 
 To simulate the Markov chain variable X(t), we set the transition rates to 𝜆 =0.8 and 
𝜇=1.2 initially. We assigned a 0.5 probability for the initial state, mimicking the idea that half 
the subjects start in state 1 and half in state 2. We simulated a Markov chain over ten time 
points.  After simulating individual transition states over ten time points, individual simulated 
transition rates were determined through a continuous-time Markov chain regression with the 
“msm” package in R. We used the new simulated transition rates as the predictors in the 
regression equations.  We then simulated the mediator variable and outcome variable using 
the regression equations above.  We set the direct effect of the transition rates on the outcome 
when controlling for the mediator (𝑐′) as 0.001.  We varied the mediating effect sizes using 
values 0.07, 0.15 and 0.26 for a1 and a2 and 0.15 and 0.26 for b, representing small and 





2007). We calculated the total mediating effect (TME) using the product of coefficients 
method as defined above and reported it in the results table.  
 
Results 
The power calculations from the varying effect and sample sizes are reported in the 
tables below.  In order to achieve at least 80% power a sample size of at least 350 is required 
if we are interested in detecting a mediating effect of 0.021 or 0.045 (Table 3.1). In both of 
these simulations, the effect of M on Y adjusted for X(t) is 0.15. When the effect of M on Y 
adjusted for X(t) was 0.26, the minimum required sample size to achieve 80% power was 
150, regardless of the effect size between the transition rates and mediator variable (Table 
3.2).   
 Mediation Effect Size when b=0.15 






50 0.100 0.198 
100 0.278 0.318 
150 0.414 0.466 
200 0.582 0.552 
250 0.662 0.704 
300 0.736 0.718 
350 0.816 0.814 
400 0.854 0.854 
500 0.898 0.926 
Table 3.1. Power calculations when effect size b=0.15. The total mediating effect (TME) 





















50 0.224 0.428 0.434 0.434 
100 0.658 0.732 0.734 0.734 
150 0.874 0.888 0.888 0.888 
200 0.966 0.942 0.942 0.942 
Table 3.2. Power Calculations when effect size b=0.26 . The total mediating effect (TME) 
and the specific effect sizes of the components of the mediating effect are recorded.  
 
Discussion 
The results of this paper can serve as a starting point in designing an experiment to 
test for the mediating effect of a continuous variable between a two-state continuous time 
Markov chain and a continuous outcome.  However, there are some limitations to these 
results. For example, we did not vary the direction of the mediating effect. In some studies, 
such as smoking and obesity, smoking tends to have a negative effect on weight (Kim et al., 
2012; Li et al., 2015). Several longitudinal studies of mediation analysis initially evaluate the 
sample size using positive effect sizes (Pan et al., 2018; Schoemann et al., 2017; Wang & 
Xue, 2016).  In future research, we could examine the sample size requirements for negative 
mediating effects. We could also examine more combinations of effect sizes and reduced the 
direct effect more.  
It is interesting to note that in one instance the total mediating effect size was 0.0364, 
but only required a sample size of 150, whereas the data sets simulated from a larger effect 





achieve a higher power, but this was not the case.  There seems to be a relation between the 
power and sample size and the effect of M on Y when adjusting for X (effect b).  In the 
instance where the total mediating effect was 0.0364, the effect b=0.26 and required a lower 
sample size, suggesting that this effect may have more of an effect on power. 
We also came across issues with convergence when calculating individual transition 
rates through Continuous time Markov chain regression and the regression tended to 
overestimate the simulated parameters possibly leading to an inflation of power. In order to 
aid the convergence issue, we increased the number of time points to 10. In future studies, we 
could differ the number of transition time points and calculate the required sample size.  We 
could also differ the transition rate size.  In this study, we only used a transition rate of 0.8 
from state 1 to state 2 and a rate of 1.2 for transition from state 2 to state 1. In future studies, 
we aim to vary the transition rates.   
Although there are limitations to this study, it still can serve as a helpful resource 
when wanting to find a mediating effect with a two-state continuous-time Markov chain 
predictor.  Studies have examined the sample size requirements for various types of variables 
(MacKinnon et al., 2007; MacKinnon, David P. & Fairchild, 2009; Matthew S. Fritz & David 
P. MacKinnon, 2007; Preacher, 2015). However, along with mediation Markov chain usage 
is also a progressing area in statistics.  This novel idea of conducting a mediation analysis 
using transition rate variables could prove informative and influential, particularly in the area 
of smoking research.  Since researchers have already begun to study the transition rates of 





transition effects could be mediated by another variable(Killeen, 2011; Koslovsky et al., 
2018; Ma et al., 2018; Minard, Chan, Wetter, & Etzel, 2012a). 
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